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ABSTRACT 
The problem of the existence of natural "laws" in t-he social 
and behavioral sicences as opposed to empirical relations is con- 
sidered. It is shown that this question is intimately tied-up 
with the question of when two systems are equivalent. Tools from 
the mathematical theory of singularities of smooth mappings are 
employed to formalize the equivalence issue and to provide an 
operational mathematical basis for investigating the existence 
of laws of nature. The theory developed is applied to a spectrum 
of situations arising in water resource analysis, forestry manage- 
ment and urban development. 
System S i m i l a r i t i e s  and t h e  E x i s t e n c e  
o f  N a t u r a l  Laws 
by 
John C a s t i  
1 .  Systems and  Laws o f  N a t u r e  
One o f  t h e  main p i l l a r s  upon which t h e  e d i f i c e  o f  modern 
t h e o r e t i c a l  p h y s i c s  rests is  t h e  e x i s t e n c e  o f  " l a w s "  o f  n a t u r e ,  
which s p e c i f y  f i x e d  r e l a t i o n s h i p s  t h a t  must o b t a i n  be tween t h e  
v a r i a b l e s  d e s c r i b i n g  p a r t i c u l a r  p h y s i c a l  p r o c e s s e s .  Laws such 
a s  t h e  c o n s e r v a t i o n  o f  mass-energy,  c o n s e r v a t i o n  o f  c h a r g e ,  
c o n s e r v a t i o n  o f  s p i n  and s o  f o r t h ,  p r o v i d e  t h e  f o o t h o l d  upon 
which m a t h e m a t i c a l  models  o f  a  d a z z l i n g  d e g r e e  o f  f i d e l i t y  a r e  
b a s e d  and ,  i n  g e n e r a l ,  seem t o  a c c o u n t  f o r  much o f  what  w e  c a n  
l e g i t i m a t e l y  s a y  w e  "know" a b o u t  r e l a t i o n s h i p s  i n  t h e  p h y s i c a l  
w o r l d ,  a t  l e a s t  f rom t h e  model ing  p o i n t  o f  v iew.  
I n  a n  e a r l i e r  p a p e r  [ I ] ,  w e  have a r g u e d  t h a t  n a t u r a l  l a w s ,  
a s  t h a t  t e r m  i s  u n d e r s t o o d  i n  p h y s i c s ,  do  n o t  e x i s t  i n  t h e  s o c i a l  
and b e h a v i o r a l  s c i e n c e s  and t h i s  " l a w l e s s "  s t a t e  a c c o u n t s  f o r  
much o f  t h e  d i f f i c u l t y  i n  t r y i n g  t o  m i m i c  t h e  t e c h n i q u e s  o f  
p h y s i c s  f o r  model ing  human a f f a i r s .  Our c o n t e n t i o n  was t h a t  
i n  o r d e r  t o  q u a l i f y  a s  a  law o f  n a t u r e ,  a  r e l a t i o n s h i p  between 
v a r i a b l e s  must p o s s e s s  t h e  p r o p e r t i e s  o f  independence ,  i n v a r i -  
a n c e  and a n a l y t i c i t y .  Roughly s p e a k i n g ,  t h e  f i r s t  c o n d i t i o n  
means t h a t  t h e  r e l a t i o n s h i p  must n o t  depend u p o n . , t h e  p a r t i c u l a r  
p h y s i c a l  s y s t e m  i n  which t h e  r e l a t e d  q u a n t i t i e s  a r e  u s e d  ( e . g .  
w e  c a n n o t  have  one  v e r s i o n  o f  Henry ' s  law f o r  i n d u c t o r s  i n  a  
TV se t  and a n o t h e r  f o r  t h e  same i n d u c t o r  i n  a  c a r  s tereo) .  The 
s econd  r equ i r emen t  s imply  means t h a t  t h e  e x p r e s s i o n  o f  t h e  law 
must n o t  depend upon t h e  c o o r d i n a t e  sys tem chosen t o  e x p r e s s  i t ,  
i . e .  t h e  law is  a  c o o r d i n a t e - f r e e  r e l a t i o n  between v a r i a b l e s .  
F i n a l l y ,  a n a l y t i c i t y  i m p l i e s  t h a t  l o c a l  space- t ime i n f o r m a t i o n  
i s  s u f f i c i e n t  t o  impose a  g l o b a l  r i g i d i t y  upon t h e  sys tem and 
it i s  n o t  n e c e s s a r y  t o  e x p l i c i t l y  a ccoun t  f o r  what is happening 
" a t  i n f i n i t y "  i n  t h e  e x p r e s s i o n  o f  t h e  law. 
I n  t h i s  pape r  w e  propose  a  framework s u i t a b l e  f o r  mathe- 
m a t i c a l l y  f o r m a l i z i n g  t h e  above c o n c e p t s  and t o  examine t h e  i s s u e  
o f  t h e  e x i s t e n c e  o f  law o u t s i d e  t h e  p h y s i c a l  s c i e n c e s .  A s  i n d i -  
c a t e d  below, t h e  f o r m a l i z a t i o n  o f  t h e  n o t i o n  o f  a  n a t u r a l  law 
i n v o l v e s  t h e  i d e a  o f  sys tem s i m i l a r i t y  and i s  c l o s e l y  connec ted  
w i t h  t h e  concep t  o f  a b i f u r c a t i o n  o f  one  sys tem d e s c r i p t i o n  ( o r  
model)  from a n o t h e r .  During t h e  c o u r s e  o f  i n v e s t i g a t i n g  t h e  
e x i s t e n c e  o f  l aws ,  it w i l l  t u r n  o u t  t h a t  many o f  t h e  r e s u l t s  
from t h e  t h e o r y  o f  s i n g u l a r i t i e s  o f  smooth mappings p l a y  an  i m -  
p o r t a n t  r o l e  i n  p r o v i d i n g  t h e  n e c e s s a r y  mathemat ica l  unde rp inn ings  
t o  make o u r  i d e a s  o p e r a t i o n a l .  For  t h i s  r e a s o n ,  t h e  b a r e  e s s e n -  
t i a l s  o f  t h i s  t h e o r y  a r e  s k e t c h e d  i n  a l a t e r  s e c t i o n  o f  t h e  pape r .  
F i n a l l y ,  t h e  g e n e r a l  i d e a s  a r e  employed t o  s t u d y  problems i n  
w a t e r  b a s i n  c h a r a c t e r i s t i c s ,  f o r e s t  growth r e l a t i o n s h i p s  and 
u r ban  2 o p u l a t i o n  m i g r a t i o n  a s  i l l u s t r a t i o n s  o f  t h e  d i f f e r e n c e  
between a  n a t u r a l  l a w  and a n  e m p i r i c a l  r e l a t i o n s h i p .  
2 .  System D e s c r i p t i o n s  and Models 
W e  b e g i n  w i t h  a n a t u r a l  sys tem C which,  f o r  o u r  p u r p o s e s , i s  
assumed t o  be  d e s c r i b e d  by some set  o f  r e a l - v a l u e d  o b s e r v a b l e s  
{ f i }  d e f i n e d  on an  a b s t r a c t  se t  o f  s t a t e s  X, i . e .  
F o r  pu r pose s  of  model ing C ,  w e  e x t r a c t  a  f i n i t e  s u b s e t  o f  t h e s e  
observables f = ifl, ..., fn), say, and write an abstraction of 
C as 
n 
where Y c R . A mathematical model of C is then a translation or, 
following the terminology of Rosen [ 2 ] ,  an encoding of the abstrac- 
tion of C into some formal mathematical system M, and a subse- 
quent retranslation or decoding of the theorems of M back into 
properties (relations) of the observables f. The basic situa- 
tion is depicted in Figure 1. The essence of the modeling re- 
lation lies in making effective choices of the formal system M 
Figure 1 . Modelinq Relation 
encoding 
and the encoding/decoding operations. For our purposes in this 
paper, it will not be necessary to pass from an abstraction of 
C to its formal model M, but the above diagram should always be 
kept in mind as a reminder of the intrinsic duality between the 
real-world of Z and its description in terms of observables, and 




Now let if,, . . . ,fn) be some abstraction of X, and assume 
that there exist m relations {@if linking the observables f, i.e. 
we have real-valued functions 
C- 
\ M d 
- - decoding . - 
The r e l a t i o n s  { @ i )  a r e  te rmed t h e  e q u a t i o n s  o f  s t a t e  f o r  Z .  
S i n c e  e a c h  f i  i s  a  r e a l - v a l u e d  f u n c t i o n ,  w e  c a n  more compact ly  
r e p r e s e n t  t h e  e q u a t i o n s  o f  s t a t e  a s  
C l e a r l y ,  t h e  s t r u c t u r e  of  C i s  c o n t a i n e d  i n  a ,  w h i l e  f r e p r e s e n t s  
o n l y  t h e  measurement  p r o c e s s .  Thus i n  s e e k i n g  n a t u r a l  laws f o r  
Z ,  w e  s h a l l  f o c u s  a t t e n t i o n  upon @ a n d ,  by a b u s e  o f  t e r m i n o l o g y ,  
c a l l  @ a  d e s c r i ~ t i o n  o f  C .  Our f i r s t  i t e m  o f  b u s i n e s s  i s  t o  con- 
s i d e r  t h e  q u e s t i o n :  when a r e  two d e s c r i p t i o n s  o f  C ,  @ and $ 
e a u i v a l e n t  . 
L e t  u s  imag ine  t h a t  i n s t e a d  o f  u s i n g  t h e  o b s e r v a b l e s  f  and 
t h e  d e s c r i p t i o n  a ,  w e  choose  an a l t e r n a t e  set o f  o b s e r v a b l e s  
A  A h  A  A  A  A  
f  = { f l  , f 2 , . .  . , f n }  a n d  a  d e s c r i p t i o n  = { a l  ,. . . , am]  o f  Z .  i . e .  
Now w e  a s k  f o r  c o n d i t i o n s  u n d e r  which  t h e  &o d e s c r i p t i o n s  and 
6 a r e  e q u i v a l e n t .  D i a g r a m m a t i c a l l y ,  w e  s e e k  maps g and  h  such 
t h a t  t h e  d i a g r a m  
commutes. Thus ,  w e  c o u n t  t h e d e s c r i p t i o n s  a ,  6 e q u i v a l e n t  i f  by 
c o o r d i n a t e  c h a n g e s  i n  t h e  domain and  r a n g e ,  w e  c a n  make @ " look  
l i k e "  6, a n d c o n v e r s l y .  I f  no  such  g  and h  e x i s t ,  t h e n  t h e  de- 
s c r i p t i o n s  @ and $ convey e s s e n t i a l l y  d i f f e r e n t ,  ' o r  i n e q u i v a l e n t  , 
i n f o r m a t i o n  a b o u t  C and t h e r e  i s  a  g a i n  i n  knowledge a b o u t  C by 
employing b o t h  d e s c r i p t i o n s ;  o t h e r w i s e ,  t h e  u s e  o f  b o t h  @ and 8 
i s  r e d u n d a n t .  
Algebraically, the condition for equivalence is 
As an elementary illustration, consider the case n = 2, m = 1 
with 
The transformation g defined as 
A 
with h = identity, transforms 0 into O as the calculation 
demonstrates. Thus, the two descriptions @ and, 6 are equivalent. 
The concept of bifurcation of descriptions arises precisely 
when two descriptions are - not equivalent. In this case, 
there is essential information contained in one description that 
cannot be obtained from the other by shifting to a new view of 
C via transformations g and h. In this case, we say that the 
description O bifurcates from z. 
In general, in order to provide specific testable conditions 
under which O - G, we must be more specific about the mathemati- 
h 
cal properties of the maps @, @ and the admissible class of co- 
ordinate tranformations. For a variety of mathematical reasons, 
h 
it is convenient to require that the functions O, @ be smooth, 
i.e. c ~ ,  with the coordinate transformations g ,  h being diffeo- 
morphisms. Happily, this purely mathematical requirements co- 
incides nicely with our earlier condition that any natural law 
should possess the property of analyticity. In what follows, 
A 
we shall express results for smooth 9, 9 and, hence, for analytic 
A 
(or real-analytic) 9, 9. If there is an open neighborhood* U of 
9 in the space of smooth functions such that 9 is equivalent to 
A 
each ~ E U ,  then we call 9 stable. Thus, the unstable smooth 
functions represent bifurcation "points" in C-. 
A 
Sometimes instead of fixed fuictions 9, 9, we wish to con- 
sider parametrized families of functions where now 
with a, a ^ ~ l l ~  being vectors of parameters. In this case we have 
the diagram 
where now the coordinate change g is such that it acts on the 
product space R~ x R~ in the usual fashion. In other words, the 
A 
families 9 ( f  , i; (f) are equivalent if there exist diffeomorphisms 
g = (g1,g2) and h such that 
making the above diagram commute. 
*In the so-called Nhitney topology on the space of smooth maps. 
See [ 2 -51  for a detailed definition. 
The central questions that now arise are: 
h h 
A) (Determinacy Problem) . Given 4, 4 (or 4, , 4;) , how 
can we tell whether or not they are equivalent or, 
what is the same thing; 
A') Given 4 (or 4,). what are all 6 (6;) that are equi- 
valent to it? 
B) (Classification Problem). In the equivalence class 
of @, what is "simplest" or canonical representative 
of that class? 
C) (Unfoldinq Problem). If @ is unstable, what is the 
minimal-parameter family, that we can imbed @ 
within, so that { @ a }  is stable as a family of maps? 
The theory of singularities os smooth mappings has been created 
specifically to answer these questions. 
3. Singularity Theory 
Here we briefly review elementary aspects of the theory of 
stable mappings and singularity theory, primarily to give the 
flavor of the type of results obtainable from the full machinery 
of singularity theory. Since a full account of the theory is far 
beyond the scope of this paper, the reader is urged to consult 
12-51 for more detailed information. 
Let us consider a smooth function @ : M+N, when M, N are 
smooth manifolds. Let 
be the Jacobian matrix of Q at xo EM. We assume that J$(xo) is 
of maximal rank, i.e. min {dim M, dim N} = rank J$(xo). Then 
we call @ an immersion at xo if dim M < dim N, a submersion at 
- 
Xo if dim M > dim N and a local diffeomorphism at x if dim - 0 
M = dim N and 4 is a bijective immersion at x 0 ' 
The map 6 : Rn + Rm is called stable at a point xo if there 
is a neighborhood U of xo such that for any neighborhood 6 of xo 
c o n t a i n e d  i n  U ,  ' and f o r  any p e r t u r b a t i o n  5 of @ ,  t h e r e  i s  a  p o i n t  
E and l o c a l  d i f feomorph i sms  g  and h  such  t h a t  t h e  d iagram 0  
commutes. 
The i m p o r t a n c e  of immers ions  and  submers ions  r e s i d e s  i n  t h e  
f o l l o w i n g  g l o b a l  s t a b i l i t y  r e s u l t s  of  Mather .  
Theorem 1 .  L e t  N be  a compact s u b s e t  of  R" and l e t  @ : N + Rm 
b e  a one- to-one  imztersion. Then @ i s  s t a b l e .  F u r t h e r m o r e ,  i f  
m > 2 dim N + 1 ,  t h e n  @ i s  a one-to-one immersion i f  and  o n l y  i f  
- - 
$I i s  s t a b l e .  
Theorem 2 .  L e t  @ : Rn + Rm b e  a  submers ion .  Then Q i s  s t a b l e .  
These  r e s u l t s  are i m p o r t a n t  b e c a u s e  t h e y ' a r e  g l o b a l  c o n c l u s i o n s  
from l o c a l  c o n d i t i o n s .  
L o c a l l y ,  w e  can u s e  t h e  I m p l i c i t  F u n c t i o n  Theorem t o  o b t a i n  
s imi la r  c o n c l u s i o n s .  
Theorem 3 .  - Let @ : N + Rm, where N C Rn and  l e t  @ b e  a n  i m -  
m e r s i o n  a t  xo .  Then @ i s  l o c a l l y  s t a b l e  a t  xo  and  t h e r e  e x i s t s  
a c o o r d i n a t e  chancre h  : Rm + Rm such  t h a t  6 t a k e s  t h e  form 
Theorem 4 .  @ : Rn + Rm b e  a smooth submers ion  a t  x  E U C Rn. 0 
Then @ i s  l o c a l l y  s t a b l e  a t  xo  a n d  t h e r e  i s  a c o o r d i n a t e  change 
g  : Rn + Rn such  t h a t  
For  immersions and submers ions ,  t h e  above r e s u l t s  d i s p o s e  
o f  t h e  q u e s t i o n s  o f  s t a b i l i t y  and "s imple"  r e p r e s e n t a t i v e s  f o r  
e q u i v a l e n c e  c l a s s e s .  However, i n  g e n e r a l  w e  canno t  e x p e c t  maps 
t o  b e  e i t h e r  immersions o r  submers ions .  I n  t h i s  e v e n t  JQ ( x O )  
w i l l  n o t  have  maximal rank  and w e  a r e  n a t u r a l l y  l e d  t o  t h e  i d e a  
of  a  s i n g u l a r  p o i n t  o f  6 .  A p o i n t  xo  i s  c a l l e d  a  s i n g u l a r  p o i n t  
f o r  @ i f  r ank  J Q ( x 0 )  < min {dim M I  dim N). Othe rwi se ,  xo  i s  a  
r e g u l a r  p o i n t .  W e  s t u d y  t h e  s t a b i l i t y  o f  @ n e a r  a  s i n g u l a r  p o i n t .  
The s i m p l e s t  c a s e ,  and t h e  one  t h a t  s e r v e s  a s  t h e  model t o  
m o t i v a t e  more g e n e r a l  s i t u a t i o n s ,  is  when @ i s  a  f u n c t i o n ,  
i . e .  m = 1 .  The c l a s s i c a l  s i t u a t i o n  s t u d i e d  by Morse i s  when x  0  
i s  a  s i n g u l a r  p o i n t  and t h e  Hes s i an  of  Q a t  xo i s  n o n s i n g u l a r ,  
i n  which c a s e  xo i s  c a l l e d a n o n - d e g e n e r a t e  c r i t i c a l  p o i n t .  I f  
a l l  t h e  s i n g u l a r  p o i n t s  o f  I$ a r e  non-degenera te  c r i t i c a l  p o i n t s ,  
w e  c a l l  @ a  Morse f u n c t i o n .  The b a s i c  s t a b i l i t y  r e s u l t  f o r  Morse 
f u n c t i o n s  is  Morse's Lemma. 
Theorem 5. @ :  R ~ + R  i s  s t a b l e  i f  and o n l y  i f  @ i s  a  Morse 
f u n c t i o n  and t h e  c r i t i c a l  v a l u e s  o f  @ a r e  d i s t i n c t ;  ( i . e .  i f  x O ,  
* 
x O  a r e  d i s t i n c t  non-degenera te  c r i t i c a l  p o i n t s ,  t h e n  @ ( x O )  # @(x:). 
Fur the rmore ,  t h e  Morse f u n c t i o n s  form a n  open,  d e n s e  set i n  
cW (R", R) . 
F i n a l l y ,  i n  t h e  neiqhborhood o f  any non-degenera te  c r i t i c a l  
p o i n t ,  t h e r e  e x i s t s  an i n t e g e r  k ,  0  < k  < n ,  and a c o o r d i n a t e  
- - 
change g  : R" + R", such  t h a t  
So,  by Morse's Lemma any smooth f u n c t i o n  can  be l o c a l l y  
approx imated  by  a  Morse f u n c t i o n  which,  i n  t u r n ,  c a n  b e  made t o  
look  l i k e  a non-degenera te  q u a d r a t i c  form i n  t h e  neighborhood 
o f  a  non-degenera te  c r i t i c a l  p o i n t .  Fu r the rmore ,  t h e  o n l y  s t a b l e  
smooth f u n c t i o n s  a r e  o f  t h i s  t y p e .  W e  n o t e  i n  p a s s i n g  t h a t  t h i s  
r e s u l t  forms t h e  mathemat ica l  b a s i s  f o r  why t h e  s o - c a l l e d  " laws"  
o f  c l a s s i c a l  p h y s i c s  a l l  t u r n  o u t  t o  b e  e x p r e s s e d  a s  q u a d r a t i c  
forms . 
While Morse 's  Lemma, i n  e f f e c t ,  closes o u t  t h e  s t a b i l i t y  
problem f o r  f u n c t i o n s ,  t h e  fo l lowing  r e s u l t  of Whitney f o r  maps 
2  
of  R + R 2  se rved  a s  t h e  s t a r t i n g  p o i n t  f o r  what i s  now t h e  theo ry  
of  s i n g u l a r i t i e s .  
2  Theorem 6 .  Let  M be  a  compact s u b s e t  of R 2  and l e t  $ : M + R , 
( 1 )  Then $ i s  s t a b l e  a t  (xO,yO)  E M i f  and o n l y  i f  n e a r  xo 
6 i s  e a u i v a l e n t  t o  one o f  t h e  t h r e e  m a ~ ~ i n a s :  
( a )  u = x ,  v = y ,  ( r e g u l a r  p o i n t )  
2  ( b )  U = X , V = Y ,  ( f o l d  p o i n t )  
3  (c)  u  = xy-x , v = y  , ( cusp  p o i n t )  . 
( 2 )  The s t a b l e  maps 41: M +  R~ form an everywhere dense set  
0 0 2 2  i n  C ( R  , R  1 .  
-
(3 )  $ i s  g l o b a l l y  s t a b l e  i f  and o n l y  i f  
( a )  $ i s  s t a b l e  a t  each p o i n t  o f  M 
and 
-
( b )  The images o f  f o l d s  i n t e r s e c t  o n l y  p a i r w i s e  
and a t  non-zero a n g l e s  and . t h e  i m a g e s o f  f o l d s  
do n o t  i n t e r s e c t  images of  cusps .  
S t a b i l i t y  and d e n s i t y  c o n d i t i o n s  f o r  g e n e r a l  maps $ : R" + Rm 
r e q u i r e  i n t r o d u c t i o n  o f  t e c h n i c a l  concep t s  beyond t h e  scope o f  
t h i s  paper  f o r  t h e i r  p r e c i s e  s t a t e m e n t .  However, w e  can  i n d i c a t e  
t h e  n a t u r e  of  t h e s e  c o n d i t i o n s  i n  s l i g h t l y  imprec i se ,  b u t  s t r a i g h t -  
forward language.  The b a s i c  i d e a ,  due t o  Mather, is t o  t r y  t o  pro- 
v i d e  c o n d i t i o n s  under which t h e  s t a b i l i t y  of  $ a t  a  p o i n t  i s  
e q u i v a l e n t  t o  t h e  g e n e r a l  s t a b i l i t y  of $, and t o  de te rmine  con- 
d i t i o n s  on a f i n i t e  set  of  d e r i v a t i v e s  of  $ t h a t  imply p o i n t  
s t a b i l i t y .  
Let  u s  assume t h a t  $(O) = 0  and l e t  C ~ ( R " )  denote  f u n c t i o n s  
n  0  
on R + R  t h a t  a r e  smooth a t  0.  Then we have t h e  fo l lowing  
characterization of stability of 4 due to Arnol'd: if for every 
function $JE cm(Rn) there exists an nxm matrix H of c;(Rn) func- 0 
tions and an mxrn matrix K of c;(Rrn) function such that 
then 4 is stable, where Im = mxm identity. In other words, if 
the equation ( * )  is solvable by matrix functions H and K up to 
order m = dim Rrn for every smooth $JE C; (Rn) , then @ is stable, 
and conversly. 
The importance of Arnol'd's result is that it provides a 
necessary and sufficient hest for stability of @ involving only 
the properties of 4 and its first derivatives at 0, i.e. local 
properties of Q are sufficient to provide a global result. 
As an example, consider the case when m = 1, n = 2, 
- 
3 3 Q(x1,x2) = 1/3 (xl + x2). Then J4 = (x:,x:) and Arnol'd's 
a 2 
condition for stability of Q is that for every $€cO(R ) ,  we 
must have 
w 
for h, ,h2,k E c0 (R) . It is clear that this function is - not stable, 
since linear functions cannot satisfy the condition. Of course, 
this result could have been obtained from Theorem 5, using the 
fact that the only critical point of 4 is the origin, which is 
a degenerate critical point. 
The failure of Q to be stable leads to the question of "un- 
folding", i.e. the existence of a parametrized family of maps 
containing 4, such that the family is stable in the sense dis- 
cussed in Section 2. In order to deal with this question, it 
is necessary to consider the idea of the codimension of Q. For 
simplicity, we consider only the case when 4 is a function (m=1), 
although the general idea can be extended to maps with additional 
technical effort. 
The Jacobian ideal A(@) of @ is the set of all smooth func- 
tions expressible as 
where gi are arbitrary smooth functions. Let 
Then the codimension of @ is defined as 
Roughly speaking, the codimensions measures the number of inde- 
00 n pendent directions in CO(R ) "missing" from A ( @ ) .  A s  an example, 
consider the function used earlier 
Then 
and we see that a basis for mn/A ( 4 )  is given by the elements 
(x1,x2,x1x2}. (By convention, the constants generated by 1 
are not considered in the calculations). So, the cod t$ = 3 .  
2 On the other hand, the function @(xl,xZ) = x1 x2 has cod @ = a. 
One of the deepest and most far-reaching theorems of singu- 
larity theory is the result that an unstable function 4 can be 
stabilized by imbedding it into a k-parameter stable family of 
f u n c t i o n s  and t h a t  t h e  s m a l l e s t  k  t h a t  w i l l  work i s  k = cod 0 .  
Fur the rmore ,  t h e  p a r a m e t e r s  can  be  made t o  a p p e a r  l i n e a r l y  and 
t h e  new f u n c t i o n s  t h a t  must be  added t o  $ t o  d e f i n e  t h e  f a m i l y  
a r e  e x a c t l y  t h e s e  compr i s i ng  a  b a s i s  f o r  mn/A($).  Such a  s t a b l e  
f a m i l y  i s  c a l l e d  a  u n i v e r s a l  u n f o l d i n g  o f  $. So,  f o r  t h e  u n s t a b l e  
3  f u n c t i o n  0  = 1 / 3 ( x l  + x i )  , a  u n i v e r s a l  u n f o l d i n g  i s  g i v e n  by 
ai€R. 
Another  way o f  v iewing  t h e  u n f o l d i n g  c o n c e p t ,  and one t h a t  
i s  somewhat more d i r e c t l y  r e l a t e d  t o  o u r  g o a l s  i n  t h i s  p a p e r ,  is 
a s  f o l l o w s .  Imagine  w e  have t h e  f u n c t i o n  @ ( x )  and w e  p e r t u r b  it 
by a  smooth p e r t u r b a t i o n  p ( x )  t o  o b t a i n  a  new f u n c t i o n  + ( x ) .  
Assume t h a t  cod ( 0 )  = c and  t h a t  t h e  f u n c t i o n s  u l  ( x )  ,... , u c ( x )  
form a  b a s i s  f o r  m n / A ( @ ) .  Then w e  c a n  w r i t e  
The b a s i c  u n f o l d i n g  theorem t h e n  g u a r a n t e e s  t h a t  i n  a  s u i t a b l e  
c o o r d i n a t e  sy s t em z ( x )  E 0. That  i s ,  $ i s  e q u i v a l e n t  t o  $ modulo 
t h e  u n f o l d i n g  terms. A l l  o f  t h e  " d i r e c t i o n s "  i n  t h e  p e r t u r b a -  
t i o n  p ( x )  c an  b e  removed by a s u i t a b l e  c o o r d i n a t e  change w i t h  
t h e  e x c e p t i o n s  o f  t h o s e  d i r e c t i o n s  r e p r e s e n t e d  by t h e  € u i ( x ) l .  
Thus,  t h e  u n i v e r s a l  u n f o l d i n g  o f  @ r e p r e s e n t s  t h e  e n t i r e  f ami ly  
o f  f u n c t i o n s  t h a t  a r e  e q u i v a l e n t  t o  4. 
For  s p e c i a l  c l a s s e s  o f  maps ( submer s ions ,  immers ions ,  Morse 
f u n c t i o n s ,  e t c . ) ,  w e  have s een  e a r l i e r  t h a t  c o o r d i n a t e  changes  
c a n  be  found such  t h a t  a map of  t h e  g i v e n  c l a s s  c an  b e  made equ i -  
v a l e n t  t o  a  c e r t a i n  " s imp le "  c a n o n i c a l  form. N o w  w e  examine 
t h e  g e n e r a l  c l a s s i f i c a t i o n  problem, i . e .  f o r  g i v e n  n,m, de t e rmine  
t h e  number o f  e q u i v a l e n c e  c l a s s e s  of  smooth maps o f  Rn + Rm and de- 
t e r m i n e  a  " s imple"  r e p r e s e n t a t i v e ,  or c a n o n i c a l  form,  f o r  each  
c l a s s .  
A r e l a t e d  q u e s t i o n  t h a t  a r i s e s  is  whether  or  n o t  t h e  s t a b l e  
maps form a d e n s e  set i n  t h e  space  o f  maps f rom Rn + Rm,  i .e. 
whether  any map can  be approximated a r b i t r a r i l y  c l o s e l y  by a  
s t a b l e  map. W e  have  a l r e a d y  s e e n  t h a t  i f  m = 1 ,  t h e n  t h e  Morse 
f u n c t i o n s  a r e  s t a b l e  and form such  a  dense  se t .  The answer t o  
t h e  d e n s i t y  q u e s t i o n  can  be  shown t o  depend upon t h e  v a l u e s  o f  
(n ,m) .  The b a s i c  r e s u l t  i s  
Theorem 7 .  - L e t  q = m -  n .  Then t h e  s t a b l e  smooth maps o f  
Rn + Rm a r e  dense  i f  
C o r o l l a r y .  S t a b l e  smooth maps o f  R" + R~ a r e  a lways  dense  
Genera l  c l a s s i f i c a t i o n  r e s u l t s  e x i s t  i n  t h e  l i t e r a t u r e .  A s  
an i l l u s t r a t i o n  o f  t h e  t y p e  o f  r e s u l t s  a v a i l a b l e ,  T a b l e  1  shows 
t h e  c l a s s i f i c a t i o n  o f  a l l  s t a b l e  maps Rn + Rm f o r  n, m - < 4 .  
Table  1 .  <4 
SPACES CANONICAL STABLE MAPS 
T a b l e  1 c o n t d .  
R2 + R 2 
I n  o r d e r  t o  c l a s s i f y u n s t a b l e  f u n c t i o n s ,  w e  need  t o  i n t r o -  
duce  one  f i n a l  c o n c e p t ,  t h e  i d e a  o f  t h e  c o r a n k  o f  a  f u n c t i o n .  
L e t  9 : Rn + R be a smooth f u n c t i o n  h a v i n g  a d e g e n e r a t e  c r i t i c a l  
p o i n t  a t  t h e  o r i g i n ,  i . e .  g r a d  9 ( 0 )  = d e t  H @  ( 0 )  = 0 ,  where 
H@ is the Hessian matrix of @. Then the integer r = n-rank H@(O) 
is called the corank of f. 
The importance of the corank is that it can be shown that 
if corank @ = r, then @ is equivalent to a function 
3 
where g is ~ ( ( x ]  ) Furthermore, it can be shown that the clas- 
sification of @ depends only upon the similar classification for 
g. In Table 2 we display the classification of all unstable func- 
tions having corank - < 2, codim < 5, together with their universal 
- 
unfoldings. (Note that Table 2 omits the irrelevant quadratic 
terms above). For an account of how these classification theorems 
Table 2. The elementary catastrophy of codimension <. When 
the + sign occurs, germs with sign (+)  arecalled 





































































4 2 + x +ax +bx 
- 
5 3 2  
x +ax +bx +cx 
6 4 3 2  
- + x +ax +bx +cx +dx 
7 5 4 3 2  
x +ax +bx +cx +dx +ex 
3 2 
x -xy2+ax +bx+cy 
3 2 2 
x +xy +ax +bx+cy 
2 4  2 2  
+(x y+y )+ax +by +cx+dy 
3 2 2  
x5-xy2+ay +bx +cy +dx+ey 
3 2 2  
x5-xy2+ay +bx +cy +dx+ey 
3 4 2 2 
~ ( x  +x )+axy +by +cxy+dx+ey 
a r e  e s t a b l i s h e d ,  see r e f e r e n c e s  [6 -71 .  Now w e  r e t u r n  t o  t h e  
q u e s t i o n  o f  n a t u r a l  law and sys tem d e s c r i p t i o n s .  
4 .  D e s c r i p t i o n s ,  Laws and S i m i l a r i t i e s  
Armed w i t h  t h e  f o r e g o i n g  t o o l s  o f  s i n g u l a r i t y  t h e o r y ,  w e  can 
now rephase  o u r  e a r l i e r  q u e s t i o n s  sur rounding  n a t u r a l  l aws  i n  much 
more s p e c i f i c  and t e s t a b l e  terms. For s i m p l i c i t y ,  l e t  u s  assume 
t h a t  w e  have a  s i n g l e  e q u a t i o n  o f  s t a t e  
l i n k i n g  t h e  o b s e r v a b l e s  { f i }  o f  a  d e s c r i p t i o n  of  E. To s a t i s f y  
o u r  requ i rement  o f  " a n a l y t i c i t y "  f o r  a  n a t u r a l  law, assume t h a t  
t h e  f u n c t i o n  @ is a n a l y t i c ,  i . e .  @ e q u a l s  t h e  sum o f  i t s  Tay lo r  
series. The requ i rement  o f  "independence" is n o t  a  mathemat ica l  
c o n d i t i o n ,  s o  w e  assume it is a l s o  s a t i s f i e d  f o r  t h e  @ and t h e  
p h y s i c a l  s i t u a i o n  under  c o n s i d e r a t i o n .  Our i n t e r e s t  f o c u s e s  
upon t h e  f i n a l  r equ i r emen t  f o r  a  n a t u r a l  l aw,  " i n v a r i a n c e " .  
I f w e w e r e  t o  i n t e r p r e t  t h e  i n v a r i a n c e  c r i t e r i o n  i n  t h e  stric- 
tes t  s e n s e ,  t h e n  it would f o l l o w  t h a t  t h e  diagram 
would be commutative f o r  - a l l  g  and h ,  i .e. 
Of c o u r s e ,  i n  g e n e r a l  t h i s  c o n d i t i o n  i s  t o o  s t r i c t  and can  o n l y  
be  s a t i s f i e d  i n  t h e  t r i v i a l  c a s e  h = g  = - i d e n t i t y .  Thus,  t h e  r e a l  
problem a s s o c i a t e d  w i t h  n a t u r a l  laws is  an i n v e r s e  problem: g iven  
a r e l a t i o n  d i f f   subgroup^^ x dm) such  t h a t  
@ i s  i n v a r i a n t  under  G. W e  then  say  @ i s  a "law" o f  n a t u r e  re- 
l a t i v e  t o  G .  Thi s  n o t i o n  o f  a  n a t u r a l  l a w  a l s o  shows e x p l i c i t l y  
t h a t  a  law i s  n o t  an a b s o l u t e  i n  t h e  s e n s e  t h a t  some " lawsn are 
s t r o n g e r  t han  o t h e r s :  i f  a law is  i n v a r i a n t  under  a  group G1 
and Q2 i s  a law i n v a r i a n t  under a  group G2 w i t h  G1 a subgroup of  
G 2 '  t h e n  Q 2  is  a s t r o n g e r  l a w  than  a l .  I d e a l l y ,  o u r  t a s k  is t o  
f i n d  t h e  l a r g e s t  subgroup o f  d i f f  x  R ~ )  which l e a v e s  a g iven  
r e l a t i o n  @ i n v a r i a n t .  The p h y s i c a l  u t i l i t y  of  t h e  l a w  w i l l  t hen  
h inge  upon ou r  a b i l i t y  t o  i n t e r p r e t  t h e  group  G w i t h i n  t h e  con- 
t e x t  o f  t h e  g i v e n  system. 
Genera l ly  speak ing ,  it i s  ext remely  d i f f i c u l t  t o  de te rmine  
such a subgroup of  d i f f  (R" x R ~ )  f o r  a g i v e n  r e l a t i o n  0. How- 
e v e r ,  one impor t an t  s p e c i a l  ca se  where it can  be  c a r r i e d  o u t  
e x p l i c i t e l y  is when @ i s  a  l i n e a r  o p e r a t o r ,  i .e. an mxn .ma t r ix ,  
and t h e  c o o r d i n a t e  t r a n s f o r m a t i o n s  g  and h  a r e  l i n e a r .  I n  t h i s  
c a s e ,  w e  must have 
where @, H and G are t h e  m a t r i x  r e p r e s e n t a t i o n s  o f  @ ,  h and g  i n  
n  m 
some b a s e s  i n  R and R . For s i m p l i c i t y ,  t a k e  t h e  c a s e  when n = m  
and G =  H .  Then t h e  problem i s  t o  f i n d  t h e  l a r q e s t  subgroup of GL(n) 
such t h a t  
i n  o t h e r  words, t o  c h a r a c t e r i z e  a l l  n o n s i n g u l a r  m a t r i c e s  H t h a t  
commute wi th  @. T h i s  i s  a c l a s s i c a l  problem o f  Frobenius  and i s  
t r e a t e d  e x t e n s i v e l y  i n ,  f o r  example, i n  [8 -91 .  The s i m p l e s t  r e -  
s u l t  i n  t h i s  d i r e c t i o n  i s  when t h e  c h a r a c t e r i s t i c  polynomial  of 
O c o i n c i d e s  w i th  i t s  minimal polynomial ,  i n  which c a s e  H must be  
2 n-1 
a polynomial i n  @. T h i s  means t h a t  t h e  set {I ,@,@ , . . . ,  @ 
g e n e r a t e s  t h e  maximal subgroup o f  GL(n) commuting w i t h  @. 
While t h e  c a s e  o f  @ l i n e a r  i s  t h e  s i m p l e s t  p o s s i b l e  s i t u a -  
t i o n ,  it r e p r e s e n t s  an  ex t remely  impor t an t  c a s e  i n  t h e  s e n s e  
t h a t  v i r t u a l l y  a l l  o f  t h e  s t a n d a r d  "laws" o f  c l a s s i c a l  phys i c s  
f i t  i n t o  t h i s  mold s i n c e  t h e y  are based upon l i n e a r  r e l a t i o n -  
s h i p s  o f  one t y p e  o r  a n o t h e r  (e .g .  Newton's 2nd Law, Ohm's Law, 
Maxwell 's e q u a t i o n s ,  etc . ) .  
U n f o r t u n a t e l y ,  f o r  n o n l i n e a r  d e s c r i p t i o n s  @ n o  such body 
of  r e s u l t s  e x i s t s  f o r  de t e rmin ing  i n t e r e s t i n g  subgroups  o f  
d i f f  (Rn x Rm) upon which t o  base  a n a t u r a l  law, and w e  must 
lower  o u r  s i g h t s  and c o n s i d e r  o n l y  sys tem s i m i l a r i t i e s  o f  t h e  
t y p e  d i s c u s s e d  i n  t h e  l a s t  s e c t i o n .  For  p r a t i c a l  pu rposes ,  
such an approach is  a g e n e r a l i z a t i o n  o f  t h e  i d e a  of law, a s  a n a t -  
u r a l  law r e p r e s e n t s  o n l y  t h e  s p e c i a l  c a s e  o f  a  " s e l f - s i m i l a r "  
d e s c r i p t i o n .  I n  t h e  fo l l owing  s e c t i o n ,  w e  c o n s i d e r  a few ex- 
amples of t h e  enployment o f  sys tem s i m i l a r i t y  c o n c e p t s  i n  a 
v a r i e t y  of  s e t t i n g s  i n  n a t u r a l  r e s o u r c e  and human systems.  
5. Examples o f  System S i m i l a r i t i e s  
A. Water Bas in  S i m i l a r i t i e s  - i n  a r e c e n t  pape r  [ l o ] ,  it 
h a s  been a rgued  t h a t  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  o f  t h e  
peak and t ime-to-peak o f  t h e  i n s t a n t a n e o u s  u n i t  hydrograph can  
be c h a r a c t e r i z e d  as s p e c i f i c  f u n c t i o n s  o f  t h e  r a i n f a l l  charac-  
te r is t ic  and t h e  geomorphological  f e a t u r e s  o f  a r i v e r  b a s i n .  
W e  wish t o  examine t h e s e  r e s u l t s  t o  see i f  it i s  p o s s i b l e  t o  
i d e n t i f y  t h o s e  b a s i n s  which a r e  similar i n  t h e  s e n s e  o f  hav ing  
t h e  same i n s t a n t a n e o u s  u n i t  hydrograph d i s t r i b u t i o n  f u n c t i o n ,  
modulo a c o o r d i n a t e  change.  
Following [ l o ] ,  l e t  u s  c o n s i d e r  t h e  i n s t a n t a n e o u s  u n i t  
hydrograph,  which i s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  t h e  
t i m e  a r r i v a l  o f  a randomly chosen d r o p  o f  r a i n f a l l  a t  t h e  ab- 
s o r p t i o n  s t a t e .  The main c h a r a c t e r i s t i c s  o f  t h e  hydrograph a r e  
i t s  peak and t ime- to-peak ,  which w e  deno te  by q and t respec-  
P P'  
t i v e l y .  It h a s  been a rgued  i n  [ l o ]  t h a t  t h e  p r o b a b i l i t y  den- 
s i t y  f u n c t i o n s  f o r  q and t are g iven  by 
P P 
5/2 f (qp) = 3.534 n q3/2 exp (-1.412 n q  ) , P P 
f (tp) = 0.656 t -7/2 exp (-0.262 n t -5/2 
P P 1 I 
where 
Here, the quantities comprising II relate to the water basin's 
geomorphological structure, and to the storm intensity and local 
climate. We shall not elaborate upon these physical quantities, 
but focus our attention solely upon the relation for f(q ) ,  which 
P 
we shall rewrite in more streamlined fashon as 
Q~ (x) = A c x 3/2 exp (-B c x 5 3  1 
where A and B are regarded as fixed constants, and c is a parameter. 
In this case, our diagram is 
and the condition for it to commute is that there exist functions 
g and h such that 
or, more explicitly, 
The c o o r d i n a t e  change g i s  dete rmined  i f  w e  can f i n d  x '  a s  
a f u n c t i o n  o f  x , c , c ' .  The s i m p l e s t  way t o  accomplish  t h i s  i s  t o  
l e t  h = i d e n t i t y  and s o l v e  f o r  x '  i n  t h e  above r e l a t i o n .  With 
h = i d e n t i t y ,  it i s  e a s y  t o  s e e  t h a t  g = -1 @c ' O @c , which i m p l i e s  
t h a t  g i s  u n i q u e l y  determined f o r  a l l  c '  such t h a t  @-,  i s  i n v e r t i b l e .  
d@= ' L- 
This  means t h a t  -dx (x )  # 0. Checking t h i s  c o n d i t i o n  y i e l d s  
d 'IZ - B ~ '  x
- 
5/2 5/2 
dx @c' ( x )  = 1 / 2 A c V x  e [ 3 - 5 B c ' x  1 ,  
d@, , ( x )  
s o  t h a t  -dx = 0 f o r  a l l  (c '  , x )  such t h a t  
R e i n t e r p r e t i n g  t h i s  r e s u l t  f o r  t h e  wa te r  b a s i n  problem, w e  
see t h a t  w i t h  r e g a r d  t o  t h e  d i ~ t r i b u t i o ~ f u n c t i o n  f o r  t h e  peak of  
t h e  i n s t a n t a n e o u s  u n i t  hydrograph,  two b a s i n s  d e s c r i b e d  by para -  
meters II and I I '  a r e  e q u i v a l e n t  i f  
That  i s ,  w e  can  a lways f i n d  q '  as a f u n c t i o n  of  q 11, I I '  a s  long  
P P' . 
a s  t h e  above i n e q u a l i t y  ho lds .  A similar  a n a l y s i s  can  be c a r r i e d  
o u t  f o r  t h e  t ime-to-peak f u n c t i o n  i n v o l v i n g  t . P 
While t h e  p reced ing  a n a l y s i s  i s  c o r r e c t ,  it s u f f e r s  from t h e  
d e f e c t  t h a t  one o f  o u r  c o o r d i n a t e  changes h h a s  been p r e s e l e c t e d  
t o  be t h e  i d e n t i t y .  T h i s  enabled  u s  t o  e a s i l y  d e r i v e  t h e  f o r e -  
going g l o b a l  r e s u l t  f o r  a subgroup of d i f f  ( R x R ) .  L e t  u s  now 
proceed i n  a n o t h e r  f a s h i o n  t o  o b t a i n  l o c a l  r e s u l t s  f o r  a l l  of  
d i f  f  ( R  x R )  and t h e n  p i e c e  t h e  l o c a l  r e s u l t  t o g e t h e r  t o  o b t a i n  
a g l o b a l  p i c t u r e .  
An a l t e r n a t e  way of  l ook ing  a t  t h e  above s i t u a t i o n  is  t o  
employ Theorem 5  on Morse f u n c t i o n s .  I f  w e  r e t u r n  t o  t h e  func- 
t i o n  Qc (x )  , w e  f i n d  t h a t  t h e  c r i t i c a l  p o i n t s  o f  aC ( X I  a r e  X* = 0 
and t h e  p o s i t i v e  r o o t s  o f  t h e  e q u a t i o n  x *5/2 = 3/ (5Bc) . I n  t e r m s  
of  t h e  u n i t  hydrograph,  t h e s e  v a l u e s  cor respond  t o  t h e  modes o f  
t h e  d i s t r i b u t i o n  o f  t h e  peak f lows .  To de t e rmine  whether  o r  n o t  
2  t h e s e  a r e  d e g e n e r a t e  c r i t i c a l  p o i n t s ,  w e  c a l c u l a t e  d  Q c ( x ) .  T h i s  
y i e l d s  
-Bc'x 5/2 2 3 ( x )  = 1 / 4  A c e  2 [5x (1  -5Bc ) + x  -1 / 2 ]  
dx2 
d2  * Since  - Q ( 0 )  = -, x  = 0  is  a non-degenerate  c r i t i c a l  p o i n t .  dx c 
S i m i l a r l y ,  i f  w e  set  a = 3/ (5Bc)  and examine t h e  c r i t i c a l  p o i n t s  
x *5/2  = a ,  w e  f i n d  t h a t  x* i s  non-degenerate  i f  
a c o n d i t i o n  s a t i s f i e d  by a l l  a > 0 .  Thus, f o r  a l l  f i x e d  c # 0 ,  
t h e  c r i t i ca l  p o i n t s  o f  Oc(x) are non-degenerate ,  s o  by Theorem 5  
w e  can  assert t h a t  t h e r e  e x i s t s  a c o o r d i n a t e  change x + g ( x ) ,  
such t h a t  
However, p h y s i c a l l y  t h e  paramete r  c is r e p l a c e d  by t h e  paramete r  
II which is always p o s i t i v e .  Hence, w e  conc lude  t h a t  l o c a l l y  n e a r  
* 
t h e  s i n g u l a r  p o i n t s  x = 0 ,  (3 /5  B c)  -5'2, t h e  d i s t r i b u t i o n  f u n c t i o n  
- 2  f  (qp) = + q  , where t h e  s i g n  is  de te rmined  by - d 2  ~ ( x * )  , which i n  
- P ax2 
t h i s  problem is  always p o s i t i v e .  So, n e a r  a c r i t i c a l  p o i n t  f ( q  ) 
P 
always l o o k s  l i k e  q2 w h i l e  away from a  c r i t i c a l  p o i n t ,  t h e  I m -  p '  
p l i c i t  Func t ion  Theorem i n s u r e s  t h a t  f ( q  1 l ooks  l i k e  t h e  l i n e a r  
P  
f u n c t i o n  q  . 
P  
The above r e s u l t s  c an  be  summarized by s a y i n g  t h a t  i n s o f a r  
a s  t h e  d i s t r i b u t i o n  of t h e  peaks  of t h e  i n s t a n t a n e o u s  u n i t  hydro- 
graph a d e q u a t e l y  d e s c r i b e  a  r i v e r  b a s i n  a l l  b a s i n s  a r e  e q u i v a l e n t :  
up  t o  a  c o o r d i n a t e  change i n  t h e  measurement o f  t h e  peak ,  t h e  
d i s t r i b u t i o n  o f  t h e  peaks  o f  one b a s i n  c a n  be t r ans fo rmed  i n t o  
t h e  peaks  o f  a n o t h e r .  Thus, t h e  passage  from one b a s i n  t o  a n o t h e r  
v i a  a  change o f  Tl+I i '  can  a lways  be  undone by a  co r r e spond ing  
change i n  t h e  measurement s c a l e .  
B. F o r e s t r y  Y i e l d  Models - An ex t r eme ly  i n t e r e s t i n g  a p p l i c a -  
t i o n  o f  t h e  i d e a s  p r e s e n t e d  i n  t h i s  pape r  a r i s e s  i n  t h e  modeling of 
t imbe r  y i e l d s  i n  a  f o r e s t  a s  a  f u n c t i o n  o f  tree d i a m e t e r  and h e i g h t .  
I f  w e  l e t  
D = tree d i a m e t e r  a t  b r e a s t  h e i g h t  ( i n  c m )  , 
H = t ree h e i g h t  from b r e a s t  h e i g h t  ( i n  m ) ,  
v = t o t a l  t ree  volume, e x c l u s i v e  o f  b a r k ,  
3 
stump t o  t i p  ( i n  m ) ,  
t h e n  t h e  f o l l o w i n g  r e l a t i o n s h i p  is e m p i r i c a l l y  d e r i v e d  i n  [ I l l  re- 
l a t i n g  t h e s e  q u a n t i t i e s :  
W e  i n q u i r e  a s  t o  what  e x t e n t  t h i s  e m p i r i c a l  r e l a t i o n s h i p  c o n s t i -  
t u t e s  a. n a t u r a l  l aw f o r  t i m b e r  y i e l d  from a  g i v e n  tree. 
For  o u r  pu rposes ,  t h e  paramete r  a p l a y s  no r o l e  s o  w e  set  
a = 0. S i m i l a r l y ,  o u r  r e s u l t s  do n o t  depend upon B ,  o t h e r  t h a n  
t h a t  B be non-zero. So,  w e  set B = 1 and c o n s i d e r  t h e  f u n c t i o n  
2 Q ( x , y )  = xy 
a @  
ax 
a @  - 2xy, it is  e a s y  t o  v e r i f y  t h a t  cod @ Computing - = y  , -
a Y  
= + -. Thus, Q i s  a s  d e g e n e r a t e  a s  a  smooth f u n c t i o n  c a n  p o s s i b l y  
be ,  i n  t h e  s e n s e  t h a t  it t a k e s  an  i n f i n i t e  number o f  u n f o l d i n g  para-  
meters t o  imbed @ i n t o  a  s t a b l e  f ami ly  of  models. I n  p a r t i c u l a r ,  
an a r b i t r a r i l y  s m a l l  p e r t u r b a t i o n  of w i l l  produce a  f u n c t i o n  
6 t h a t  i s  n o t  e q u i v a l e n t  t o  @ i n  o u r  s e n s e .  I n  o t h e r  words, @ 
i s  u n s t a b l e  i n  t h e  s t r o n g e s t  p o s s i b l e  s e n s e .  
I n t e r p r e t a t i o n  of t h i s  r e s u l t  i n  t h e  f o r e s t r y  c o n t e x t  sug- 
g e s t s  t h a t  t h e  above e m p i r i c a l  r u l e  f o r  t i m b e r  y i e l d  i s  a b o u t  a s  
f a r  away from b e i n g  a  n a t u r a l  law a s  any r e l a t i o n s h i p  c o u l d  p o s s i b l y  
be. I n  f a c t ,  t h e  h i g h  s e n s i t i v i t y  o f  t h e  r e l a t i o n s h i p  s t r o n g l y  
s u g g e s t s  t h a t  ex t r eme  c a u t i o n  be  employed b e f o r e  u t i l i z i n g  t h i s  
r e l a t i o n s h i p  i n  any real  f o r e s t r y  management s i t u a t i o n .  Of c o u r s e ,  
whether  or n o t  t h e  t y p e  o f  i n s t a b i l i t y  w e  f o c u s  upon h e r e  a c t u a l l y  
m a t t e r s  i n  t h e  u s e  o f  t h e  r e l a t i o n s h i p  depends  upon what pu rpose s  
a r e  s e r v e d  by t h e  r e l a t i o n s h i p .  But  m a t h e m a t i c a l l y ,  t h e  e m p i r i c a l  
2 
r u l e  V = a + f3 D H i s  h i g h l y  q u e s t i o n a b l e  a s  a b a s i s  f o r  any p o l i c y -  
making due  t o  i t s  a lmos t  p a t h o l o g i c a l  s e n s i t i v i t y  t o  p e r t u r b a t i o n s .  
C. Urban S p a t i a l  S t r u c t u r e  - i n  simple models o f  t h e  evo lu -  
t i o n  of urban  s t r u c t u r e s  an  i m p o r t a n t  r o l e  i s  o f t e n  p l a y e d  by t h e  
f l o w  o f  money from r e s i d e n t s  o f  one  r e g i o n  i n t o  shops  i n  a n o t h e r  
r e g i o n .  I f  w e  l e t  t h e  zones  o f  t h e  r e g i o n  b e  l a b e l e d  i = 1 , 2  ,... ,K 
and d e f i n e  
6 = f l ow  o f  c a s h  from r e g i o n  i t o  r e g i o n  j ,  i j 
e i = p e r  c a p i t a  e x p e n d i t u r e  on  shopping goods  
by r e s i d e n t s  o f  zone if 
Pi = p o p u l a t i o n  o f  zone i f  
Wi = s i z e  of t h e  " c e n t e r "  r e p r e s e n t e d  by zone i f  
C i j = cost o f  t r a v e l  from zone i t o  zone j ,  
t h e  t h e  s t a n d a r d  a g g r e g a t e  model f o r  S i j  i s  1121 
where a and B a r e  pa r ame te r s  r e p r e s e n t i n g  consumer economies and 
" e a se"  o f  t r a v e l ,  r e s p e c t i v e l y .  Here w e  s h a l l  i n v e s t i g a t e  t h e  
map 
T o  see t h i n g s  m o s t  c l e a r l y ,  w e  c o n s i d e r  t h e  c a s e  o f  two 
r e g i o n s ,  i .e .  K = 2. S i n c e  K 2  > K ,  o u r  f i r s t  approach  i s  t o  
tes t  S  f o r  b e i n g  an  immersion and ,  i f  s o ,  invoke  Theorem 1 t o  
c o n c lud e  t h a t  S  i s  s t a b l e .  To check whether  S  i s  an immersion, 
w e  need t o  c a l c u l a t e  t h e  J a c o b i a n  o f  S ,  
S i n c e  w e  a r e  i n t e r e s t e d  p r i m a r i l y  i n  t h e  p a r a m e t e r s  a,B, w e  set 
- ei - Pi = 1 f o r  t h i s  a n a l y s i s .  
A f t e r  some a l g e b r a ,  w e  f i n d  
J S  (W) = a -  
It  i s  e a s y  t o  s e e  t h a t  rank J = 1 f o r  a l l  W and a and B ,  i .e .  
J i s  - n o t  of maximal rank and ,  hence,  S  i s  n o t  an immersion and,  
fu r the rmore ,  e v e r y  p o i n t  W = ( W 1 , W 2 )  i s  a s i n g u l a r  p o i n t  of  S.  
Thus, S  i s  an u n s t a b l e  map. 
The i n s t a b i l i t y  of  S means t h a t  t h e r e  e x i s t  a r b i t r a r i l y  
s m a l l  p e r t u r b a t i o n s  o f  S f  c a l l  them S t ,  such t h a t  S t  i s  n o t  equ i -  
v a l e n t  t o  S .  S  and S '  c o n t a i n  i n h e r e n t l y  d i f f e r e n t  in format ion  
about  t h e  urban s t r u c t u r e .  By ou r  e a r l i e r  c o n d i t i o n s  f o r  a  na t -  
u r a l  law, t h e  i n s t a b i l i t y  o f  S a l s o  r u l e s  o u t s  as a c a n d i d a t e  
f o r  be ing  a l a w  o f  urban s t r u c t u r a l  behavior .  It i s  p u r e l y  a 
r e l a t i o n s h i p  connec t ing  t h e  " a t t r a c t i v e n e s s "  of  urban c e n t e r s  as 
measured by W ,  wi th  t h e  f low of funds among t h e s e  c e n t e r s .  
Although S i s  u n s t a b l e ,  Theorem 7 t e l l s  u s  t h a t  s t a b l e  maps 
2 4 
of R + R  are dense .  Thus, whi le  t h e r e  a r e  maps c l o s e  t o  S t h a t  
a r e  n o t  e q u i v a l e n t  t o  it, t h e r e  a r e  a l s o  o t h e r  maps e q u a l l y  c l o s e  
t h a t  are stable,  i . e .  S can be a r b i t r a r i l y  c l o s e l y  approximated 
by  a s t a b l e  map. 
6 .  System Equiva lence  and Complexity 
There h a s  been a c o n s i d e r a b l e  amount of  systems l i t e r a t u r e  
devoted t o  t h e  i d e a  o f  c h a r a c t e r i z i n g  t h e  complexity o f  a  system. 
Most o f  t h e  complexi ty  measures proposed have t a c i t l y  assumed t h a t  
complexi ty  i s  a p r o p e r t y  i n t r i n s i c  t o  t h e  g iven  system C ,  i . e .  
it i s  independent  of  t h e  i n t e r a c t i o n  of  C with  any o t h e r  system 
S. W e  t a k e  t h e  p o s i t i o n  t h a t  complexi ty  i s  a c o n t i n g e n t  p r o p e r t y  
of C and t h a t  it i s  meaningless  t o  speak of " the"  complexi ty  o f  C 
wi thou t  s p e c i f y i n g  t h e  system S wi th  which C i s  i n  i n t e r a c t i o n ;  
a  system canno t  p e r c e i v e  i t s  own l e v e l  of complexity.  T h i s  l e v e l  
i s  o n l y  e s t a b l i s h e d  by p l a c i n g  C i n t o  i n t e r a c t i o n  wi th  a n o t h e r  
system. 
Fol lowing t h e  work of  Rosen [ 1 31 , w e  s h a l l  adopt  t h e  view 
t h a t  t h e  complexi ty  C i s  e q u a l  t o  t h e  number of non-equivalent  
d e s c r i p t i o n s  t h a t  S  can  form f o r  C .  I n  o t h e r  words, i f  S  can 
p rov ide  o n l y  a  s m a l l  number of  non-equivalent  d e s c r i p t i o n  of C ,  
t hen  r e l a t i v e  t o  S f  C w i l l  have a low degree  of Complexity. Con- 
v e r s l y ,  i f  X c a n  d i s p l a y  many non-equivalent  modes of i n t e r a c t i o n  
wi th  S ,  then  S w i l l  perce ive  Z a s  be ing  ve ry  complex. 
R e l a t i v e  t o  t h e  mathematical  development d e s c r i b e d  above, 
t h e  o p e r a t i o n a l  r e a l i z a t i o n  of t h i s  complexi ty  measure is  r a t h e r  
s t r a i g h t f o r w a r d .  Given a  fami ly  { Q a l , a E A ,  A an index set ,  of  
d e s c r i p t i o n s  o f  a system C ,  w e  d e f i n e  
complexi ty  of  C = t h e  number of equiva lence  
c l a s s e s  which a r i s e  from Qa, 
aEA. 
Here, each v a l u e  of aEA cor responds  t o  a d i f f e r e n t  d e s c r i p t i o n  
of  C ,  and w e  measure t h e  complexity of C i n  terms of  t h e  b i f u r c a -  
* t i o n  p o i n t s ,  a  EA.  Each such p o i n t  a* r e p r e s e n t s  a  d e s c r i p t i o n  
o f  C t h a t  is  n o t  e q u i v a l e n t  t o  d e s c r i p t i o n s  "near"  a*, i .e .  f o r  
some a  a r b i t r a r i l y  c l o s e  t o  a* ,  Qa and Q t a r e  i n  d i f f e r e n t  equ i -  
a 
va lence  classes. With t h i s  d e f i n i t i o n  of complexi ty ,  t h e  problem 
of f i n i t e  c l a s s i f i c a t i o n  of  maps Qa t a k e s  on more d i r e c t  system- 
t h e o r e t i c  s i g n i f i c a n c e .  I n  t h e  e v e n t  Qa is  a  f u n c t i o n ,  w e  know 
from t h e  Thom-Arnol'd t heo ry  t h a t  t h e r e  a r e  a  f i n i t e  number of  
equiva lance  c l a s s e s  (under Cm c o o r d i n a t e  changes)  on ly  i f  cod Oa - < 6.  
The sys t em- theo re t i c  i n t e r p r e t a t i o n  of  t h i s  r e s u l t  i s  s t i l l  n o t  
c l e a r ,  and even more e l u s i v e  i s  t h e  meaning of t h e  "moduli" t h a t  
e n t e r i n t o  t h e  c l a s s i f i c a t i o n  f o r  cod Q > 6 .  These i t e m s  w i l l  
a 
form t h e  b a s i s  f o r  f u t u r e  i n v e s t i g a t i o n s .  
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